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Vorticity

We have previously discussed the angular velocity as a
nmeasure of rotation of a body. This is a suitable
gquantity for a body that retains its shape but a fluid
can distort and we nust consider two components to
rotation: shear and curvature. W introduce the term
vorticity as a neasure of rotation within a fluid.
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Consider a marker in the fluid such as the dashed |ine
crossing the streamines. Initially, the marker m ght
be normal to the streamines, as at time ti, but l|ater
will be rotated to the position at t,. The marker |ine
has undergone an anticl ockw se rotation (cyclonic in
the N-hem sphere). W evaluate the contribution to the
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vorticity as ——
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If, at radial distance r, the velocity is V, the
curvative conponent of vorticity is evaluated as V/r in
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t he sane way we define angul ar vel ocity.

Convention: both conponents are assessed the sane way using the
convention that cyclonic (anticlockwi se in the N
hem sphere) rotation is positive, and anticyclonic
rotation i s negative.

The vorticity of a volune of atnosphere, when eval uated
inthis way fromthe velocity of the air relative to

the earth’s surface is called relative vorticity C
(G eek zeta)

Rel ative vorticity Q:X—ﬂ
r dn

I f the atnosphere rotated |ike a solid body, the two
conponents woul d be equal and thus the vorticity is
equi valent to twice the angular velocity of a solid
obj ect.

To apply basic laws of notion (such as the conservation
of angul ar nmomentum), we need to consider rotation in
an absolute frame of reference, and nust add in the
rotation due to that of the earth itself. Twice the
angul ar velocity of the earth about a |ocal vertical

is, of course, equal to the Coriolis paraneter

f =2Qsiny, so we define absolute vorticity as

Ca=C+f

On certain upper air charts (see, for exanple, the NGM
500 nb forecast naps), absolute vorticity is plotted in
units of 10°° s Thus, in md latitudes, where

f ~10x10° s1, a region of zero relative vorticity would
have an absolute vorticity of 10 units. Centers of

maxi mum vorticity are useful in identifying trough

| ocations, which are sonetines difficult to identify,
ot herwi se, especially since the shear conponent is
difficult to assess.

As we’' |l see later the relationship between the fl ow
field and the vorticity pattern yields an inportant
forecasting tool.
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Constant absolute vorticity trajectories

It has been shown that, to a reasonabl e approxi mation,
t he at nosphere noves in such a manner as to conserve
its absolute vorticity. That is,

Cq =C+f = constatnt

At nospheric trajectories with constant absol ute
vorticity execute sinusoidal-Ilike paths around the
hem sphere. Renenber that the Coriolis paraneter f
(tw ce the angul ar velocity of the earth about a | ocal

vertical) increases towards the pole (f=2Qsn¢). If f

increases as a mass of air noves northward, then (
must decrease, and vice versa. The result is a wavy
trajectory around the hem sphere as shown bel ow

/\ﬁ

f decreases f increases

C increases C decreases

To understand this, renmenber that positive £ is
cyclonic (anticlockw se) rotation, while negative ¢ is

anticyclonic (clockwi se) notion, and { cycl es between

positive and negative values as the air executes a sine
wave.



ATMG60, Shu-Hua Chen

Rossby waves

These | arge wave-|i ke perturbations observed in the
md-latitude westerly flow are call ed Rossby waves
after the Swedi sh neteorol ogi st (who founded the first
met eorol ogy departnent in the USat MT in 1928). He
was the first to recognize the inportance of such

di sturbances to the global circulation pattern.

Anal ysi s of Rossby waves results in the foll ow ng
expression for the speed at which the waves propagate
towards the east:

BL®

Rossby wave speed c=v—F
TC

where Vis the wind speed at m d-tropospheric |evels
(specifically at the | evel of non-divergence
LND) ,
L is the wavel ength of the Rossby wave

B = Z—QCOS(I)
a

wher e
Q=7.292x10"° rad/s
a=radisus of earth

= 6378 km
¢ = latitude angle

«—— L
1 '4> C
speed of
propagation
of the wave
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2
Since the last termin the equation (%EEJ i s always
TC
positive, the wave speed C nust be smaller than the
wi nd speed. Thus, the air passes through the troughs
and ridges at a speed greater than the pattern itself
pr opagat es.

Notice that the shorter the wavel ength L, the |arger

t he wave speed C. The | onger the wavel ength, the
smal | er the wave speed. Long waves seen on upper air
maps thus nove slowy while shorter waves ripple
through them At any one tinme, the global circulation
pattern is a summation of waves of different length in
different stages of being in or out of phase.

From the equation, one can see that a sufficiently
| arge wave coul d have a negative speed of propagation

2

(C<O0if EI—'5>V) and the wave wll retrograde (nove
47

towards the west).

Exanpl e cal cul ati ons of wave speed C

Suppose V =30 m's, ¢=45°N
- 200c0sd  (2)(7.292x107°) cos45

2 -1.62x10 1
a (6.38x10°)

iz = 0.405x10712
47

—

for a wavel ength = 4000 km

C =30 — (0.405 x 10°'?) (4 x 10%°2

30 - 6.4 = 23.6 nls

for a wavelength L = 8000 km
C =30 -

(0.405 x 10 (8 x 10°)?2
30 — 25.

9 =4.1 nmMs

Thus, the | onger wave propagates towards the east at a
much |l ower rate than the short wave.
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Diver gence and conver gence

I n our nunerous discussions of current and prognostic
weat her patterns, we have spoken of divergence and
convergence in the horizontal fields of notion at
different levels within the troposphere. Analysis of
wave- | i ke disturbances (Rossby waves) shows that the
rate of change of vorticity relates to fields of

di vergence and convergence, as shown in the follow ng
di agram
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The curve | abeled V represents the profile of w nd
speed through the troposphere, reaching a nmaxi mum at

the tropopause (the jet strean). Wen V:>C+{ﬂ?/4n2as
in the upper portion of the troposphere, convergence
occurs in the horizontal wind field upwi nd of the
trough line (west of the trough) and di vergence occurs
down wind of the trough. In the |ower part of the

troposphere (V <C+pL?/4n?), the opposite is the case.
Conpensatory vertical notions occur with ascent ahead
of the trough (downw nd) and subsi dence behind the
trough, together with the creation of areas of |ow and
hi gh pressure at the surface, as shown.

On weat her maps whi ch show upper air flow patterns, a
way to identify divergence and convergence is to
exam ne the rel ationship between hei ght contours (say
of 500 nb) and cal cul ated vorticity values (such as
plotted on the NGM forecast 500 nb maps)
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As the air flows through the trough and noves
downstream it loses vorticity and is forced to diverge
horizontally (recall that this is the sane relationship
as dictated by the conservation of angul ar nonentum.
Where the “boxes” formed by the crossing of the
contours and the vorticity isopleths are snallest,

di vergence (or convergence on the upw nd side of the
trough) is greatest. Alternatively, as air noves

downst ream ahead of the trough, we can say that
positive values of vorticity are advected by the air
parcels carrying the positive vorticity acquired at the
trough line. The downstreamarea is said to be one of
positive vorticity advection (PVA), while the upstream
region is one of negative vorticity advection (NVA).
PVA is associated with upper air divergence, and NVA is
associated with upper air convergence.
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