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ABSTRACT

An explicit one-dimensional time-dependent tilting cloud model has been developed for use in cumulus
parameterizations. The tilting axis is not necessarily orthogonal to the (r, u) plane, making the horizontal
axisymmetric assumption more reasonable. This explicit time-dependent tilting model (ETTM) consists of an
updraft and a downdraft, which are governed by the same dynamic and thermodynamic equations. The updraft
is initiated by a moist thermal bubble, while the downdraft is consequently induced by evaporative cooling and
the drag force of precipitation separating from the tilting updraft instead of being arbitrarily initialized.

The updraft is capable of reproducing the major features of a deep cloud such as overshooting cooling above
the cloud top, evaporative cooling near the surface, and drying in the lower atmosphere at dissipating stages.
The entrainment–detrainment rate in this model is well defined, and its time variation is quite significant.
Moreover, the vertical profile of the air inside the updraft does not follow the moist adiabat after deep convection.
For the downdraft, the total precipitation and mass flux at low levels contributed from the downdraft cannot be
neglected in this case study. In addition, the downdraft can bring dry air from middle levels to lower levels.

Three sensitivity tests—the environmental sounding, the tilting angle, and the radius of the updraft–downdraft—
have also been conducted. The cooling–warming of a downdraft near the surface is sensitive to the environmental
sounding, consistent with results from Srivastava. The cloud life span, maximum vertical velocity, precipitation
amount, and vertical mass flux are strongly influenced by the tilting angle and the radius of the cloud.

The results from the ETTM simulation are quite reasonable and promising. However, some deficiencies of
this model still exist, and more research will be conducted to improve its performance. The final goal is to
implement this 1D model in a mesoscale model’s cumulus parameterization scheme.

1. Introduction

Cumulus parameterization in numerical weather pre-
diction models can significantly affect severe weather
forecasts, such as those of hurricanes, flash floods, and
winter storms. These severe weather systems are some-
times poorly forecasted, which can lead to increased
loss of life and property damage. Therefore, scientists
have put much effort into this subject to improve model
performance (e.g., Asai and Kasahara 1967; Ooyama
1971; Kuo 1965, 1974; Nitta 1975; Anthes 1977; Ar-
akawa and Schubert 1974; Molinari 1982; Kuo and Ray-
mond 1980; Betts 1986; Tiedtke 1989; Emanuel 1991;
Kain and Fritsch 1990, 1993; Grell 1993; Sun and
Haines 1996; Wang and Randall 1996; Hu 1997; Gra-
bowski 2001).

Cumulus parameterization schemes consist of three
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components: triggering functions, the vertical redistri-
bution of thermodynamic and dynamic variables, and
closure assumptions (Weather Research and Forecast
model development group 5, available online at http://
www.wrf-model.org). Triggering functions control the
timing and location of subgrid-scale convection. The
vertical redistribution of thermodynamic and dynamic
variables modifies the large-scale environment, and clo-
sure assumptions determine the intensity of convection.
All three are very important; however, the emphasis of
this study is only related to the issue of the vertical
redistribution.

Grell et al. (1991) gave a general review for different
approaches for achieving the vertical redistribution of
thermodynamic properties (static control and feedback
in their paper). In an earlier period, Manabe et al. (1965)
and Kuo (1965, 1974) suggested adjusting an unstable
layer toward a moist-adiabatic structure through sub-
grid-scale convection, while Ooyama (1971) and Ar-
akawa and Schubert (1974) introduced an ensemble
cloud in a cumulus parameterization scheme. Instead of
using a moist adjustment as in Manabe et al. (1965),
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Betts (1986) suggested that the temperature and mois-
ture should be relaxed to a reference quasi-equilibrium
thermodynamic structure, which was based on obser-
vational data.

As the resolution of numerical models increases, in-
corporating a simple plume or bulk one-dimensional (1D)
cloud inside a cumulus parameterization scheme to help
redistribute thermodynamic and dynamic variables has
become more common (e.g., Kreitzberg and Perkey 1976;
Anthes 1977; Fritsch and Chappell 1980; Frank and Co-
hen 1985; Tiedtke 1989; Grell 1993; Hu 1997). With a
slightly more sophisticated approach, Kain and Fritsch
(1990, 1993) applied an entraining–detraining plume
model to the process of cumulus parameterization. How-
ever, for efficiency these 1D models were relatively sim-
ple and empirical. Grell et al. (1991) commented that a
time-dependent, one-dimensional cloud model might be
required for a cumulus parameterization scheme in order
to get a better estimate of the thermodynamic properties
during the life cycle of a cloud.

Liu et al. (2001) used results from a two-dimensional
(2D) cloud-resolving model to evaluate the performance
of the Kain–Fritsch (KF) scheme. From a numerical
study of the Tropical Ocean Global Atmosphere Cou-
pled Ocean–Atmosphere Research Experiment (TOGA
COARE), they found that there was a cold bias at the
tropopause due to overshooting and a surface cold bias
due to the detrainment of downdrafts at the lowest level.
Moreover, their simulation results were very sensitive
to the magnitude of the moisture detrainment. Liu et al.
(2001) concluded that these problems might be due to
the simplification of the 1D entrainment plume model.

A few sophisticated 1D cloud models were developed
(Ferrier and Houze 1989; Chen and Sun 2002), and some
of them have been used in cumulus parameterization
(Cheng 1989a; Haines and Sun 1994). Ferrier and Houze
(1989) developed a time-dependent 1D model, which in-
cluded quite complete physical processes, such as vertical
mixing, lateral entrainment, pressure perturbation, and
warm cloud microphysics. In their model, the radius of
the cloud could change with height. The precipitation
separating from the updraft due to its tilting effect was
considered; however, the downdraft initiated by the evap-
orative cooling and by the drag force was ignored. Since
their model was used to simulate convective systems over
the tropical region, the omission of the downdraft and
the use of warm rain might be reasonable. In Chen and
Sun (2002), their erect 1D cloud tends to generate a
convective cloud that is not as deep as that from a 3D
model simulation. A similar conclusion was also drawn
by Ferrier and Houze (1989). To increase the depth of a
convective cloud, they used a cloud radius that decreased
with height in the lower atmosphere, and their model was
then able to produce a more reasonable cloud depth when
compared with observations. It is not surprising to see
this result due to the vertical flux effect and because less
entrainment occurs in the lower atmosphere when a larger
cloud radius is used.

In Cheng’s (1989a) 1D tilting cloud model, the up-
draft–downdraft and detailed entrainment–detrainment
effects were included. The importance of the nonhy-
drostatic pressure has been demonstrated (Holton 1973;
Kuo and Raymond 1980; Chen and Sun 2002), but it
was ignored in his model. As in Ferrier and Houze
(1989), only warm rain processes were considered.
Since Cheng’s 1D model is a diagnostic cumulus en-
semble model, it is more suitable for cumulus param-
eterization schemes used in coarse-resolution mesoscale
and global-scale models. Haines and Sun (1994) de-
veloped a quasi-one-dimensional cloud model without
the consideration of downdrafts. Their model was time
independent and only simple cloud microphysics were
used. As the spatial resolution of numerical models in-
creases, the number of clouds within one grid box de-
creases. As the number of clouds decreases, the effects
of convective clouds may become time dependent rather
than steady state.

Some details of a 1D cloud model can significantly
influence the performance of a cumulus parameteriza-
tion scheme, such as the downdraft (Brown 1979; Mol-
inari and Corsetti 1985; Cheng 1989b; Grell et al. 1991;
Moncrieff 1992; Gray 2000; Liu et al. 2001) and the
entrainment–detrainment rate (Arakawa and Schubert
1974; Cheng 1989a). Downdrafts associated with tilting
updrafts have often been observed. It is well known that
the tilting of a convective cloud is strongly correlated
to its environmental wind shear (Moncrieff 1981). The
tilting of a convective cloud (or the environmental wind
shear) is to take into account the separation of precip-
itation from its updraft. The separated precipitation can
potentially modify the strength and the life span of the
updraft (Ferrier and Houze 1989) and, more importantly,
might induce a downdraft due to the evaporative cooling
and the drag force of the precipitation (Moncrieff 1981).
As a consequence, the thermodynamical structure in the
boundary layer (low-level heat sink) and the convective
momentum transport [in particular the countergradient
momentum transport; Moncrieff (1981, 1992)] can be
substantially modified by those tilting clouds.

The mass flux of convective clouds can be overes-
timated in the lower troposphere when downdrafts are
not considered. Even if downdrafts are included, their
improper representation, such as the level of origin, can
also introduce cooling and moistening biases (Liu et al.
2001). Cheng (1989b) found that the apparent heat
source–moisture sink and the radiative heating rate from
the downdraft are comparable to those from the updraft
in the lower troposphere.

Investigating entrainment–detrainment effects, Ar-
akawa and Schubert (1974) hypothesized a constant
fractional entrainment rate, defined as the ratio of the
entrainment per unit height to the vertical mass flux in
the cloud, for each subensemble. They further assumed
that entrainment occurred at every level, while detrain-
ment only occurred at the layer near the top of the
subensembles. In the study of an erect 1D cloud model,
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FIG. 1. Structure of the Cartesian coordinates (ı̂, ĵ, k̂) and the
tilting cylindrical coordinates (êr, êu, êz).

Chen and Sun (2002) pointed out that the detrainment
layer at the upper portion of clouds could be up to 5
km deep, which is more than one layer near the cloud
top. It is clear that more realistic entrainment–detrain-
ment rates from the updraft and downdraft are required
to reduce temperature, moisture, and momentum biases
in cumulus parameterization.

With a quite unique approach, Grabowski (2001) de-
veloped a cloud-resolving convection parameterization
scheme that was used in a simplified global model. In-
spired by Grabowski’s work, Khairoutdinov and Randall
(2001) developed a superparameterization scheme for
the community climate system model. Both schemes
embedded a 2D time-dependent cloud model in to a 3D
synoptic-scale model in every grid box during the entire
simulation period. Their results are quite promising.
However, this kind of approach is quite costly in terms
of current computational time and memory.

To efficiently and realistically represent the effects of
subgrid-scale convective clouds, we develop an explicit
1D time-dependent tilting cloud model for use in cumulus
parameterization. One of the purposes of having a tilting
updraft is to initiate a downdraft as it was also addressed
in Cheng (1989a). This accounts for the subgrid-scale pa-
rameterization effects due to the downdraft. The ETTM
is dynamically and physically based, and is an improve-
ment to the erect, 1D cloud model in Chen and Sun (2002),
which includes an updraft but not a downdraft. In Chen
and Sun (2002), the nonhydrostatic pressure perturbation,
detailed cloud microphysical processes, entrainment–de-
trainment effect, lateral eddy mixing, and vertical eddy
mixing in a time-dependent erect one-dimensional cloud
model were discussed. In this further study, our emphases
are on developing a more realistic 1D tilting cloud model
and on extending its sophistication by adding the influ-
ences of the downdraft, cloud radius, and tilting effects
on a cloud. Although a 1D cloud might develop more
strongly if the cloud radius changes with height (Ferrier
and Houze 1989), we decided to use a constant radius
until more evidence is provided from observations or 3D
model simulations.

Section 2 illustrates the development of the model,
including the details of the downdraft development. The
derivations of the governing equations in the tilting co-
ordinates are also demonstrated. Section 3 presents one
experiment and its preliminary results. The sensitivity
tests of the environmental sounding, tilting angle, and
radius of the cloud are shown in section 4. Finally, a
brief summary is given in section 5.

2. Model descriptions

a. Coordinate transformation

The governing equations of the ETTM and their sym-
bols in Cartesian coordinates are defined in appendix
A. We transform those equations from Cartesian coor-
dinates to general tilting cylindrical coordinates to nat-

urally have the capability of simulating tilting clouds.
Figure 1 shows the schematic structure of two coordi-
nates. In the Cartesian coordinates (tilting cylindrical
coordinates), i, j, k (eu, er, ez) and x, y, z (u, r, Z) are
the three basic unit vectors and components. It is well
known that the tilting of a cloud is correlated to the
environmental wind shear. However, here the tilting an-
gle (a0), the angle from the vertical axis z to the tilting
axis Z, is assumed to be independent of height and is
fixed during a cloud life cycle such that the tilting axis
lines up with the x axis. Note that the tilting axis Z is
not necessarily orthogonal to the (r, u) plane (more gen-
eral), as was the case in Cheng (1989a). When the (r,
u) plane is parallel to the (x, y) plane, a horizontally
axisymmetric assumption within the cloud is more rea-
sonable. Using this assumption, the horizontal pressure
gradient force, for example, can be formulated easily.
The relationship of the basic units and components be-
tween these two coordinates is expressed as

x 5 r cosu 1 Z sina , y 5 r sinu,0

z 5 Z cosa , (1)0

y
2 2 21r 5 Ï(x 2 az) 1 y , u 5 tan ,1 2x 2 az

Z 5 bz, (2)

i 5 cosu e 2 sinu e ,r u

j 5 sinu e 1 cosu e ,r u

k 5 2a cosu e 1 a sinu e 1 be , (3)r u z

where a 5 tana0 and b 5 seca0, and the relationship
of the partial derivatives is

] ]r ] ]u ] ]Z ] ] sinu ]
5 1 1 5 cosu 2 ,

]x ]x ]r ]x ]u ]x ]Z ]r r ]u
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] ] cosu ]
5 sinu 1 ,

]y ]r r ]u

] ] sinu ] ]
5 2a cosu 1 a 1 b . (4)

]z ]r r ]u ]Z

Substituting Eq. (3) into the velocity field yields

V 5 ui 1 yj 1 wk

5 u(cosu e 2 sinu e ) 1 y(sinu e 1 cosu e )r u r u

1 w(2a cosu e 1 a sinu e 1 b e )r u z

5 Ue 1 Ve 1 W e , (5)r u z

where U, V, and W are radial, tangential, and tilting-
axis velocities in the tilting coordinates, respectively,
and

U u   
  
V 5 M 3 y . (6)   

  
W w   

Here, M is a mapping matrix or a linear operator, and
its formula is

cosu sinu 2a cosu 
 

M 5 2sinu cosu a sinu . (7) 
 

0 0 b 

b. Governing equations in the tilting cylindrical
coordinates

Substituting Eqs. (1), (3), (4), and (5) into the mo-
mentum equations [Eqs. (A1)–(A3) in appendix A] re-
sults in

2]U ]U V ]U ]U V 1 ]p
5 2U 2 2 W 1 2

]t ]r r ]u ]Z r r ]r
2cos u ]p cosu sinu ]pnh nh2 22 aB cosu 2 a 1 a

r ]r rr ]u

cosu ]pnh1 ab , (8)
r ]Z

]V ]V V ]V ]V VU 1 ]p
5 2U 2 2 W 2 2

]t ]r r ]u ]Z r rr ]u

2cosu sinu ]p sin u ]pnh nh2 21 aB sinu 1 a 2 a
r ]r rr ]u

sinu ]pnh2 ab , (9)
r ]Z

2]W ]W V ]W ]W b ]pnh5 2U 2 2 W 2 1 bB
]t ]r r ]u ]Z r ]Z

cosu ]p sinu ]pnh nh1 ab 2 ab , (10)
r ]r rr ]u

where

u 2 u R py y0 nhB 5 g 1 2 1 2 Q .T1 2[ ]u C py0 p 0

The first four terms on the right-hand side of Eqs. (8)
and (9) and the first three terms of Eq. (10) are similar
to those in the regular (orthogonal) cylindrical coordi-
nates. In fact, an erect cloud is a special case of the
tilting cloud when the tilting angle (a0) is zero (i.e., no
environmental wind shear). In addition to those similar
terms, several terms are generated due to the tilting
effect, as they are related to a and b, which are functions
of a0.

The current computing requirements make it prohibitive
to apply a 3D cloud model for the subgrid-scale cumulus
parameterization in a large-scale model. To simplify the
problem, we further assume that the cloud is horizontally
symmetric with respect to the tilting axis (]/]u 5 0) within
the cloud. With the use of the continuity equation, mo-
mentum Eqs. (8)–(10) become

2]U 1 ](rUU ) 1 ](rWU ) V 1 ]p
5 2 2 1 2

]t r ]r r ]Z r r ]r
2cos u ]p cosu ]pnh nh22 aB cosu 2 a 1 ab , (11)

r ]r r ]Z

]V 1 ](rUV ) 1 ](rWV ) VU
5 2 2 2 1 aB sinu

]t r ]r r ]Z r

cosu sinu ]p sinu ]pnh nh21 a 2 ab , (12)
r ]r r ]Z

2]W 1 ](rUW ) 1 ](rWW ) b ]pnh5 2 2 2 1 bB
]t r ]r r ]Z r ]Z

cosu ]pnh1 ab . (13)
r ]r

The same procedure is also applied to other equations,
but here only the equation for the precipitation hydro-
meteors (qy) is presented (the others are shown in ap-
pendix B):

]q ](rUq ) ](rWq ) ](rV q )1 1 by y y ty y
5 2 2 1 Rin]t r ]r r ]Z r ]Z

](V q )a ty y
1 P 2 cosu , (14)y r ]r

where Rin is the ratio of precipitation that remains in the
tilting updraft, while the remaining portion, (1 2 Rin),
separates from the updraft and falls into the downdraft
(details in section 2d)

c. Horizontal integrations of governing equations

A horizontal integration is performed to reduce the
equations from three dimensions to one, similar to the
method of Chen and Sun (2002). For any variable A
within the cloud, the horizontal area-average value ( ),A
the deviation from the horizontal average (A9), the lat-
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eral boundary average (Ã), and the deviation from the
lateral boundary average (A0) are defined as (Asai and
Kasahara 1967)

2p R1
A 5 Ar dr dc,E E2pR 0 0

A9 5 A 2 A,
2p1

Ã 5 A dc,E2p 0

˜A0 5 A 2 A.

Following Holton (1973) and Chen and Sun (2002), we
assume that the nonhydrostatic pressure perturbation
can be expressed as pnh(r, Z) 5 p*(Z)J0(r) in a tilting
cloud, where J0(r) is the zeroth-order Bessel function
of the first kind. The radius of the cloud satisfies the
first root of J0(x) 5 0, where x 5 ra/R and a 5 2.4048.

After horizontal averaging, the governing equations
become

]D 2 1 ][r(W D 1 D9W9]˜ ˜ ˜5 2 (UD 1 U0D0) 2
]t R r ]Z

2
2D 2a a a

2 1 J (a)p*(Z ) 1 J (a)p*(Z ), (15)1 12 22 rR rR

]W 2 1 ][r(W W 1 W9W9)]˜ ˜ ˜5 2 (UW 1 U0W0) 2
]t R r ]Z

22b J (a) ]p*(Z) u 2 u1 y y02 1 bg 2 bgQTra ]Z uy0

R 2J (a) p*(Z)11 bg 2 1 , (16)1 2C a pp 0

]u 2 1 ][r(W u 1 u9 W9)]ei ei ei˜ ˜5 2 (Uũ 1 U0u 0) 2ei ei]t R r ]Z

1 d u
1 (L q 2 L q ) 1 micro(u ), (17)y y f i ei1 2C dt Tp

2 1 ](rW)
Ũ 1 5 0, (18)

R r ]Z

]q 2 1 ][r(W q 1 q9W9)]x x x˜ ˜5 2 (Uq̃ 1 U0q0) 2 1 P ,x x x]t R r ]Z
(19)

]q 2 1 ][r(W q 1 q9W9)]y y y˜ ˜5 2 (Uq̃ 1 U0q0) 2y y]t R r ]Z

b ](rV q )ty y
1 R 1 P , (20)in yr ]Z

where is always zero if we assume that initial equalsV V
zero and assume that V is horizontally axisymmetric
within the cloud. The system in the tilting cylindrical
coordinates is similar to that in the orthogonal cylin-

drical coordinates in Chen and Sun (2002). However,
there are three primary differences between these two
systems. First, part of the precipitation can separate from
the tilting updraft and potentially initiate a downdraft.
Second, forcing terms are slightly different between
these two systems due to the tilting effect. Third, the
total effect of a tilting cloud, which consists of an up-
draft and a downdraft, is different from that of an erect
cloud, which only includes an updraft.

The formulas for the eddy exchange follow Ogura
and Takahashi (1971) and Holton (1973). Therefore for
any variable A, the parameterization is as follows:

n ]A
Ũ0A0 5 (A 2 A ) and W9A9 5 2K ,o mR ]Z

where A denotes a momentum variable. If A is a mass
variable, Km is replaced by Kh. The parameters n, Km,
and Kh are known as the kinematic viscosity of air,
momentum eddy coefficient, and heat eddy coefficient,
respectively. Following Ogura and Takahashi (1971),
the relationship among n, Km, and Kh is defined as

K 5 n 5 3K 5 0.1R | W | .h m (21)

For the updraft, the properties of the environment will
be brought into clouds if convergence (or entrainment)
occurs, while the properties of clouds will be carried out
to the environment if divergence (or detrainment) occurs.
For the downdraft, the treatment of the entrainment–de-
trainment is the same as that in the updraft. However, as
mentioned below in section 2d, the detrained air from
the updraft can possibly influence the downdraft.

Using Eqs. (15), (16), and (18), the diagnostic equa-
tion of the pressure perturbation can be derived as

2 22b J ] p*(Z) R 2J ] p*(Z)1 d 12 bg 2 1 r
2 1 2 [ ]a ]Z C a ]Z pp 0

2(2 1 a )a
1 J p*(Z)12R

2r ]˜ ˜ ˜5 2 (UD 1 U0D0) 2 [r(W D 1 W9D9)]
R ]Z

2
D 2 ] ˜ ˜ ˜2 r 2 [r(UW 1 U0W0)]
2 R ]Z

2] u 2 u ]y yo1 bg r 2 [r(W W 1 W9W9)]
21 2]Z u ]Zyo

]
2 bg (rQ ). (22)T]Z

The ratios of precipitation remaining inside the updraft
(Rin), the tilting angle (a0), and the radius (R) are three
parameters that have to be determined in this model. In
this study, a0 and R are given but will be parameterized
in the near future. The formula of Rin will be discussed
in section 2d.
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FIG. 2. Schematic structure of the updraft (U ) and downdraft (D) in the tilting cloud: E
indicates environment and Rin is the ratio of precipitation remaining in the updraft. Thick
gray dashed lines denote precipitation.

d. Downdraft

When a tilting updraft develops and produces pre-
cipitation (rain, snow, or graupel), a portion of the pre-
cipitation can separate from the updraft due to the grav-
itational force if the tilting angle is greater than zero.
The separated precipitation can trigger a downdraft (Fig.
2) at the same height. Note that no downdraft exists in
this model when the tilting angle is zero. The drag force
and the evaporative–sublimative cooling in subsaturated
air can enhance the downdraft. The governing equations,
tilting angle, and horizontally axisymmetric assumption
used in the updraft are applied to the downdraft. How-
ever, precipitation does not separate from the downdraft
to initiate subsequent downdrafts.

The entrainment–detrainment from the updraft can
potentially influence the downdraft. If detrainment oc-
curs in the updraft, and entrainment occurs in the as-
sociated downdraft, a maximum of 30% of the detrained
air from the updraft can intrude into the downdraft,
while the remainder is from the environment. However,

if no detrainment occurs in the updraft at that layer, the
air entrained into the downdraft comes entirely from the
environment (Fig. 2). It is true that the reverse process,
in which the updraft is influenced by the downdraft,
happens. However, since the radius of the downdraft is
assumed to be 40% of the updraft in this study, the
influence of the downdraft on the updraft is relatively
small and is therefore ignored. Note that the 40% is an
approximate value according to the relationship of the
diameters between the updraft and downdraft in Lemone
and Zipser (1980).

The precipitation that remains inside the updraft is de-
termined by the ratio (Rin) of the overlapped volume (or
overlapped area) between two tilting columns (or two
shaded disks) to the volume of one tilting column (disk)
as shown in Fig. 3. The letter A indicates the original
precipitation column in the updraft, while A9 indicates the
column shifted downward with a distance of H(5VtyDt),
where Vty is the terminal velocity of precipitation and Dt
is the time step. Therefore, Rin is defined as

H tana02 21 2 2 24R cos 2 H tana Ï4R 2 H tan a0 01 22R
R 5 , (23)in 22pR

where R is the radius of the updraft and the ratio of pre-
cipitation falling into the downdraft column is 1 2 Rin.

e. Cloud microphysics and numerical method

The microphysics and numerical methods used in
both updrafts and downdrafts are the same as those in

Chen and Sun (2002). The forward–backward scheme
in time (Sun 1984) and the central difference scheme
in space are used. The vertical fluxes of precipitation
due to terminal velocities are calculated using a forward
scheme. Cloud microphysical processes are based on
Lin et al. (1983) and Rutledge and Hobbs (1984) with
some modifications (Chen and Sun 2002). Details of the
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FIG. 3. Schematic diagram of the original precipitation column (A)
in the tilting updraft and the column shifted downward (A9) for a
distance of H after one time step (Dt) due to the terminal velocity
of precipitation (Vty). The radius of the updraft is R.

FIG. 4. Skew T–logp diagram of the initial vertical sounding (thick lines) is taken
from Schlesinger (1978). The vertical sounding of thin lines is for a sensitivity test.
Solid lines are temperatures and long-dashed lines are dewpoints.

cloud microphysics and numerical methods are given in
Chen and Sun (2002).

3. Experiment and preliminary results

a. Initial conditions

The vertical profiles of the temperature and moisture
(thick lines in Fig. 4) from Schlesinger (1978) are used
to preliminarily evaluate the performance of the ETTM.
This environment is favorable for a severe thunder-
storms in the southern Great Plains and has a convective
available potential energy (CAPE) of about 3000 J kg21.
A tilting cloud in the ETTM consists of an updraft and
a downdraft, and the updraft is initiated using a moist
thermal bubble. The formula for the potential temper-
ature perturbation (u9) is given as

pz
u9 5 0.367 sin , z # 3500 m,1 23500

and the relative humidity from 0 to 4.2 km is slightly
higher (88%) than that in the environment. The down-
draft is then initiated by the precipitation separating
from the tilting updraft due to evaporative cooling and
the drag force of precipitation instead of being arbi-
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FIG. 5. Time variation of the (a) vertical velocity (m s21), (c) potential temperature anomaly (K),
and (e) moisture anomaly (kg kg21) from the updraft. (b), (d), (f ) The same as in (a), (c), and (e),
respectively, except from the downdraft. The values in (e) and (f) are multiplied by 1 3 103.

trarily initialized. The tilting angle is given as 208, and
the radii of the updraft and downdraft are 3000 and 1200
m (40% of the updraft), respectively. The vertical do-
main is 20 km with a vertical resolution of 400 m. A
5-s time step is used, and the model integrates for 60 min.

b. Results

Figure 5 shows the time variation of the vertical ve-
locity, potential temperature anomaly, and moisture
anomaly of the tilting cloud. For the updraft, the max-
imum upward motion (Fig. 5a), 15.1 m s21, occurs at
6.4 km after 15 min. The cloud top reaches up to 11
km (cloud field is not shown). After 25 min, downward
motion starts replacing upward motion in the lower at-
mosphere, and eventually the updraft dies at 33 min. A
downdraft is initiated by the precipitation separating
from the updraft at the height of 4 km after 10 min (Fig.
5b); it then extends up to 9 km, where the strength is
much weaker than that at lower levels. The maximum
downward motion reaches 25.95 m s21 at 1.2 km, 23

min after the downward motion onset. The life cycles
of the updraft (27 min) and downdraft (25 min) in this
experiment are quite comparable. Note that a life cycle
is measured from the starting point when the absolute
vertical velocity reaches a critical value to the end point
when this critical value is last maintained. The critical
value is 2 m s21 for the updraft but only 1 m s21 for
the downdraft, which is generally weaker in the ETTM.

Within the updraft, a maximum potential temperature
anomaly, 4.73 K, occurs at 5.6 km at 14 min (Fig. 5c).
An overshooting cooling over the cloud top and a cold
pool close to the surface are produced. The overshooting
cooling reaches its maximum strength (23.2 K) and
depth (2.4 km) after the updraft becomes mature. The
surface cold pool is maintained until the updraft dissi-
pates. It has sometimes been observed that the middle-
level air penetrating to the ground is colder than the
original environment. For the given sounding in Fig. 4
(thick lines), the ETTM produces a warming instead of
a cooling in the lower layers of the downdraft (Fig. 5d).
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FIG. 6. The skew T–logp diagram of the soundings at 19 min (thick lines) for the updraft
and 24 min for the downdraft (thin lines). Solid lines are temperatures and long-dashed
lines are dewpoints.

An interpretation and a sensitivity test regarding the
issue of cooling–warming are given in section 4.

The updraft column is moistened when low-level
moist air is transported upward (Fig. 5e). The maximum
anomaly reaches 0.006 35 kg kg21 and occurs at 4 km
after 12 min. A drying process in the lower atmosphere
is observed within both the downdraft and updraft col-
umns after the downward motion develops. This implies
that the moistening rate due to evaporation and subli-
mation is smaller than the drying rate due to downward
advection of dry air, which entrains from middle levels.

Figure 6 shows the skew T–logp diagram of the updraft
and downdraft at the time when each of them reaches
their maximum heights (19 min for the updraft and 24
min for the downdraft). The air is saturated within the
cloudy area in the updraft, while it is unsaturated through
the entire column of the downdraft. In the updraft, the
temperature profile does not follow a moist adiabat, al-
though it has been convectively adjusted to saturation;
this might be due to the involvement of other processes
such as entrainment and lateral eddy diffusion. The air
below the cloud base is well mixed as both the potential
temperature and the mixing ratio of water vapor are near

constants. The relative humidity in the updraft is 70% ;
80%, greater than the 50% ; 60% in the downdraft due
to its strong downward dry advection.

The vertical profiles of relative humidity at 10, 20,
and 30 min from the updraft and downdraft are calcu-
lated (Fig. 7). In the updraft, the saturated air (cloud)
reaches 5 km at 10 min when it is still in the developing
stage and reaches 11 km at 20 min. The moisture field
drops dramatically immediately above the cloud top. At
30 min the air below 5.2 km within the updraft column
becomes subsaturated when the downward motion dom-
inates (Fig. 5a). In the downdraft, the air is subsaturated
at all three times. Note that the downdraft column at 10
min, when it is about to develop, can also be treated as
the environmental sounding (for comparison purposes).
The downdraft column becomes more moist with time
than the environment above 4 km. The cloud and pre-
cipitation detrained and separated from the updraft are
evaporated and sublimated to moisten the upper potion
of the downdraft (i.e., compared with the 10-min result),
where the downward motion is relatively weak. How-
ever, below 4 km, the air becomes drier than the en-
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FIG. 7. Vertical profiles of the relative humidity within the updraft at 10 min (dashed line U10),
20 min (dashed line U20), and 30 min (dashed line U30), and within the downdraft at 10 min
(line D10), 20 min (line D20), and 30 min (line D30).

FIG. 8. Time variation of the rainfall rate (mm s21) from the updraft (line U) and
downdraft (line D).

vironment due to the strong descent. This is also shown
in the updraft column below 2.4 km at 30 min.

The rainfall rate of the tilting cloud is shown in Fig.
8. Rainfall first reaches the ground through the down-
draft column and occurs at 15 min. The intensity from
the updraft is weaker than that from the downdraft in

this experiment. However, the total precipitation amount
is larger due to a wider coverage area of the updraft (a
25 to 4 ratio). The maximum downward motion and the
maximum rainfall rate in the downdraft occur around
the same time (25 min).

A realistic entrainment–detrainment rate is important
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FIG. 9. Time variation of entrainment (positive) and detrainment (negative) rate of nonprecip-
itable water (3106 kg kg21 s21), including water vapor, cloud water, and cloud ice (appendix A),
from the (a) updraft and (b) downdraft with a contour interval of 20 3 106 kg kg21 s21.

in a 1D cloud model when it is applied to cumulus
parameterization. Except for the radius, which is given,
the entrainment–detrainment rate in the ETTM is de-
termined by the continuity equation. In this experiment,
a large amount of moisture entrains into lower levels of
the updraft (1 ; 1.5 km depth) and is transported up-
ward (Fig. 9a). Besides moistening the column and be-
ing transformed into liquid or solid phases, the rest of
the moisture is detrained out of the updraft at upper
levels of the cloud (about 3 km deep). Through this
process, the moisture can be transported upward and fed
back to grid-scale fields in the mesoscale models. After
upward motion is replaced by downward motion inside
the updraft column, dry air at the middle levels (4 ; 5
km) can be dragged down and detrained out at low levels
(1 ; 2 km depth). The detrainment rate at low levels
in the downdraft column is stronger than the entrainment
rate in the updraft column (Fig. 9a versus Fig. 9b) due
to a smaller radius and a stronger vertical gradient of
the vertical velocity near the surface (Fig. 5a versus Fig.
5b). In other words, the downdraft is more efficient per
unit area at bringing middle-level air to low levels than

the downward motion in the updraft column (22 to 32
min in Fig. 9).

Figure 10 shows the time variation of the mass flux
(F) calculated using the formula

F 5 rwB,

where B is the updraft–downdraft coverage area. Before
22 min, the mass flux is upward, mainly from the up-
draft. This induces entrainment (detrainment) at the low-
er (upper) potion of the updraft cloud (Fig. 9). From 22
to 32 min, the mass flux is upward at upper levels of
the cloud, contributed from the updraft, and is down-
ward at lower levels, contributed from both the updraft
and downdraft. Therefore, strong detrainment at low
levels, weak entrainment at middle levels, and weak
detrainment at upper levels are induced. It is worth men-
tioning again that the total downward flux from the
downdraft is weaker due to a smaller coverage area.
From these results we can see that the time variation of
the entrainment–detrainment process is quite significant,
and this implies that the time dependence of subgrid-
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FIG. 10. Time variation of the mass flux (3108 kg s21) from the (a) updraft and (b) downdraft
with a contour interval of 0.2 3 108 kg s21.

scale cloud effects can be of great importance when the
resolution of mesoscale models increases.

The vertical distribution of the total mass flux in Fig.
11 is calculated by integrating the mass flux with time
in Fig. 10. The updraft presents a double-peak feature:
one at 0.8 km and the other at 4.4 km. The former is
dominated by higher densities at lower levels, while the
latter is dominated by stronger vertical velocities at up-
per levels. The downdraft contributes a negative mass
flux (downward), particularly under 4 km. At the level
of 1.6 km, 39% of the total mass flux is deducted by
the downdraft. Therefore, the total mass flux can be
reduced significantly through the downdraft process at
some lower levels as shown in Fig. 11.

4. Sensitivity tests

a. Environmental sounding

Using a 1D model, Srivastava conducted a series of
tests examining the intensity and temperature anomalies
in a downdraft (Srivastava 1985, 1987). He found that
a microburst downdraft can occur when the environ-

mental lapse rate is large (close to the dry adiabat);
otherwise, a large amount of precipitation (rain and/or
ice) is required if the environmental lapse rate is rela-
tively small. He also concluded that a cooling is ob-
served only at high rainwater mixing ratio and envi-
ronmental temperature lapse rate (Srivastava 1985). The
issue of cooling regarding the former (i.e., the content
of rainwater) is rather complicated due to the involve-
ment of cloud microphysical processes and deserves a
separate study. Therefore, we will only examine the
environmental sounding in this study.

An experiment is conducted using a modified sounding
(thin lines in Fig. 4) from that in section 3 (thick lines
in Fig. 4). The relative humidity is kept the same so that
the new sounding has a CAPE of 2950 J kg21, which is
close to that in the original sounding (3000 J kg21). For
convenience, we call this new numerical experiment the
TADJ case (i.e., temperature adjusted) and the one in
section 3 the CNTL case. The lapse rate in the lower
atmosphere is larger from TADJ than from CNTL and
is close to the dry-adiabatic lapse rate. The numerical
setup for TADJ is the same as that in the CNTL case
except for the sounding.



1 DECEMBER 2004 2809C H E N A N D S U N

FIG. 11. Vertical distribution of the total mass flux (31010 kg) from the updraft (line U),
downdraft (line D), and both (line T) within 60 min.

Figures 12a and 12b show the simulated temperature
anomaly from the CNTL and TADJ cases, respectively.
The maximum temperature anomaly below 2-km height
during the downdraft life cycle is 1.41 K (20.35 K)
from the CNTL (TADJ) case. The ETTM is able to
produce a cooling in the lower atmosphere from the
TADJ case whose lapse rate in the lower atmosphere is
larger. This result is consistent with that from Srivastava
(1985).

The difference in the cooling and warming between
the TADJ and CNTL cases can be partially interpreted
from parcel theory. After descent-induced warming, the
temperature profile in the unsaturated downdraft will
become close to dry adiabatic if neither melting nor
evaporative–sublimative cooling occurs. In this situa-
tion, if the environmental lapse rate is less than dry
adiabatic, the temperature in the downdraft will be
warmer than that of the environment. This assumes that
the temperature at the origin of the downdraft is the
same as that of the environment at the same level. In
contrast, if enough hydrometeors are available and they
melt and evaporate–sublimate to saturation instanta-
neously, the temperature profile in the downdraft will
become moist adiabatic. In this situation, the tempera-
ture in the downdraft can be colder than the environment

if the environmental lapse rate is greater than moist
adiabatic. Therefore, a cooling–warming of the down-
draft relative to its environment is strongly relevant to
the melting and evaporative–sublimative rate and the
environmental sounding. In the real atmosphere, the
temperature profile of the downdraft might not follow
the dry adiabat (i.e., microphysical processes are in-
volved) or the moist adiabat (i.e., hydrometeors are not
totally evaporated–sublimated) but in between as is
shown in Fig. 6. Additionally, the motion in the cloud
does not exactly follow parcel theory (see updraft
sounding in Fig. 6) as processes like entrainment and
lateral eddy diffusion are also involved. In general, how-
ever, the larger the environmental lapse rate and the
larger the evaporative–sublimative rate of precipitation,
the greater the chance for net cooling in the downdraft.
Figures 12c and 12d show that the patterns of the rain
evaporation rate and their maxima are similar in both
cases, a maximum of 5.16 3 1026 kg kg21 s21 for the
CNTL case and 5.24 3 1026 kg kg21 s21 for the TADJ
case. Since the average environment lapse below 2 km
is larger in the TADJ case (8.07 K km21) than in the
CNTL case (6.57 K km21), a cooling near the surface
of the downdraft in TADJ but not in CNTL is reason-



2810 VOLUME 61J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S

FIG. 12. Time variation of the temperature anomaly (K) in the downdraft from (a) the CNTL
case and (b) the TADJ case, and the evaporative rate of rain (kg kg21 s21) in the downdraft
from (c) the CNTL case and (d) the TADJ case. The evaporative rate is multiplied by 1 3 106.

able. Note that the values in Figs. 12c and 12d are
negative since it is a loss for the rain field.

b. Tilting angle and radius of the cloud

The tilting angle and radius of the cloud can signif-
icantly influence the vertical distribution of the mass
flux, total precipitation amount, and strength and life
cycle of a cloud. To better understand their impacts on
cloud effects, two sensitivity tests are conducted: one
for the tilting angle and the other for the radius. In both
tests, the initial condition and the moist thermal bubble
are the same as those used in the CNTL case (section
3), except for the change of the particular parameter in
question. The tilting angle varies from 08 to 708 and the
radius of the updraft varies from 1000 to 12 000 m. In
all experiments, the radius of the downdraft is 40% of
the updraft.

Figure 13a shows the vertical velocities and life cy-
cles of clouds with respect to different tilting angles.
When the tilting angle increases, the life cycle slightly
increases and then decreases for both the updraft and
downdraft if 08 is excluded for the downdraft. The sep-
aration of precipitation can decrease (increase) the drag
force in the updraft (downdraft) and result in a longer
life span. However, the increase of the lateral eddy dif-
fusion due to the tilting effect is unfavorable to cloud
development. Therefore, to reach a maximum life cycle,
the tilting angles are 108–208 for the updraft and 208–
258 for the downdraft in this experiment. The maximum

strength of the vertical motion decreases in the updraft,
and increases and then decreases in the downdraft.
When the cloud radius is fixed, greater tilting angles
result in larger ratios for the precipitation falling into
the downdraft (1 2 Rin). However, the precipitation
amount in the updraft decreases with the increase of the
tilting angle above 208 (weaker updraft). Therefore, an
optimal angle to have the strongest downdraft is 308 in
this case study.

The total rainfall amount in the updraft decreases with
increasing tilting angle, while for the downdrafts rainfall
amounts slightly increase, then decrease (Fig. 13b). As
the tilting angle increases from 08 to 108, the life cycle
of the updraft becomes slightly longer, but the total rain-
fall amount does not necessarily increase since a larger
portion of precipitation falls out of the updraft. The total
amount from both the updraft and downdraft gives a
maximum at 58. At this angle, the rain rates per unit
area from both sources are comparable. As mentioned
earlier, the contribution of rainfall amount from the up-
draft is greater due to the larger coverage area. As the
titling angle increases beyond 408, the contribution of
rainfall from the downdraft is more than that from the
updraft.

The vertical distribution of total mass flux with re-
spect to tilting angle is shown in Fig. 14. A double peak
is still observed for all different angles and the lower
peak is still the larger one. Comparing the results from
a0 5 08 and 208 (solid lines), the profiles above 3 km
are very close. However, the difference is not negligible



1 DECEMBER 2004 2811C H E N A N D S U N

FIG. 13. (a) Maximum upward motion (m s21) from the updraft (solid line U), the maximum
downward motion (m s21) from the downdraft (solid line D), and the life cycle (min) of the
updraft (dashed line U) and downdraft (dashed line D) with respect to different tilting angles.
The radius of the downdraft is 40% of that from the updraft. (b) The total accumulated rainfall
amount (3107 kg) from the updraft (line U), downdraft (line D), and both (line T) with respect
to different tilting angles after a 60-min integration time.

below 3 km. The primary difference is contributed by
the downdraft, which reduces the total amount of the
vertical mass flux. It is noted that when the tilting angle
is less than 208, the conclusion is similar except that
the difference at lower levels gets smaller when the
tilting angle is decreased. In essence, the contribution
from the downdraft becomes smaller. As the tilting angle
becomes greater than 208, the discrepancy is not only
restricted to the lower portion but the upper portion as
well. The magnitude of the mass flux is reduced and
the cloud becomes shallower as the tilting angle in-
creases. However the upper local maxima almost remain
at the same height, except for a0 $ 708, which may not
be realistic in the real atmosphere.

Figure 15 shows the same information as in Fig. 13
except with respect to different radii of the updraft.
When the radius increases, the life cycles for both the
updraft and downdraft increase. In Eq. (16), the lateral
eddy diffusion term is a momentum sink for cloud de-
velopment and its influence is proportional to the inverse
of the cloud radius. The same equation also shows that
entrainment–detrainment is another interaction between

the environment and the cloud. Its influence becomes
weaker with the increase of the radius because the mix-
ing between the cloud and the environment decreases
(Kuo and Raymond 1980). Therefore, when the radius
becomes larger, the loss of the vertical momentum due
to entrainment–detrainment and due to lateral mixing is
reduced.

The maximum vertical velocity in the updraft in-
creases, first sharply, then slowly, when the radius in-
creases from 1000 m to a critical value of 9000 m. After
the critical value, the maximum vertical velocity de-
creases more gradually. A similar conclusion was
reached by Kuo and Raymond (1980). It is also noted
that an upper bound of the absolute vertical velocity is
shown in the downdraft at the radius of 3200 m. In Eq.
(22), the radius influences the pressure perturbation di-
rectly and the vertical velocity indirectly through the
pressure perturbation terms in Eq. (16). The importance
of the nonhydrostatic pressure perturbation to cloud de-
velopment has been demonstrated. Holton (1973) and
Chen and Sun (2002) pointed out that the pressure per-
turbation can weaken the vertical velocity. Moreover,
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FIG. 14. Vertical distribution of total mass flux (31010 kg) from both the updraft and downdraft
within 60 min with different tilting angles. The number indicates the tilting angle in the unit of
degree. The profiles with the tilting angles of 08 and 208 are plotted with solid lines.

Holton (1973) and Kuo and Raymond (1980) remarked
that the impact of the pressure perturbation on cloud
development becomes more significant (greater weak-
ening of vertical velocity) with the increase of the ra-
dius. The influences of the pressure perturbation can
partially explain the existence of an optimal radius for
the strength of a cloud, through other nonlinear terms
are also very important.

The total rainfall amount nonlinearly increases with
the radius and a larger amount is contributed from the
updraft since a small tilting angle (208) is used (see
discussion in section 3). However, the contribution from
the downdraft is about 30% of the total and it is not
negligible.

The vertical distribution of the total mass flux with
respect to different updraft radii is shown in Fig. 16.
When the radius is increased, the cloud extends higher
and the total mass flux increases due to a longer life cycle
and a larger vertical velocity. Therefore, large clouds are
more efficient at consuming environmental energy. It is
interesting that a single peak of the vertical profile is
observed for large clouds, while double peaks are clearly
shown for small ones. As mentioned earlier, the upper
peak is dominated by the vertical velocity, while the low-

er peak is dominated by the density. When the radius
increases, the magnitude of the upper peak grows faster
than the lower peak due to the increase of the vertical
velocity and becomes dominant after 6000 m. The upper
peak, which is located 1–2 km lower than the level of
the maximum vertical velocity, keeps growing with the
radius and finally merges with the lower peak. It is also
interesting to note that the total mass flux below 0.5 km
is almost unchanged with the radius.

5. Summary

An explicit, dynamically and physically based, 1D
time-dependent tilting cloud model has been developed
for use in cumulus parameterization. This 1D model
uses tilting cylindrical coordinates (r, u, Z) that differ
from previous studies in that the tilting axis (Z) is not
necessary orthogonal to the (r, u) plane. Consequently,
the horizontal axisymmetric assumption within the
cloud is more reasonable.

The ETTM consists of an updraft and a downdraft
that use the same dynamic and thermodynamic equa-
tions. The updraft is initialized using a moist thermal
bubble, and the downdraft is then induced by evapo-
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FIG. 15. (a) Maximum upward motion (m s21) from the updraft (solid line U), the maximum
downward motion (m s21) from the downdraft (solid line D), and the life cycle of the updraft
(dashed line U) and downdraft (dashed line D) with respect to different radii of the updraft. The
radius of the downdraft is 40% of the updraft. (b) The total accumulated rainfall amount (3109

kg) from the updraft (line U), downdraft (line D), and both (line T) with respect to different radii
of the updraft after 60 min of integration time.

rative–sublimative cooling and the drag force of pre-
cipitation separating from the updraft instead of arbi-
trarily initialized. The ratio of precipitation falling out
of the updraft depends on the radius of the updraft,
tilting angle, and terminal velocity. The radius of the
downdraft is assumed to be 40% of the updraft.

An experiment with a 208 tilting angle and a 3000-m
radius was conducted as the CNTL case. The preliminary
results show that a deep updraft is able to develop along
with a coinciding downdraft. In the updraft column, over-
shooting cooling above the top, evaporative cooling near
the surface, and a drying in the lower atmosphere at
dissipating stages are well simulated and resemble what
is observed naturally. In the downdraft column, a strong
wind and a drying at lower levels are generated. However,
a warming instead of a cooling in the lower atmosphere
is produced. A sensitivity test, the TADJ case, using a
modified environmental sounding from the CNTL case,
was carried out. The lapse rate of the modified sounding
in the lower atmosphere is close to dry adiabatic. With
this modified sounding a cooling in the lower troposphere
is simulated, and this is consistent with the results of

Srivastava (1985). Another simulation with a much high-
er evaporative cooling rate of rain (6 times of the original
rate) was also examined using the sounding from the
CNTL case. The result indicates a very weak cooling in
the lower atmosphere in the downdraft. Since the micro-
physical processes are rather complicated, this problem
deserves a separate study. We, therefore, leave it for fu-
ture work.

The skew T–logp diagram shows that the air inside
the updraft column is saturated after convection occurs,
but the vertical profile does not follow a moist adiabat.
In the downdraft, the air is unsaturated during the entire
life cycle. In this experiment, a strong downdraft occurs
below 4 km, and weak downward motion extends up to
9 km. As a result, the air above 4 km moistens within
the downdraft due to evaporation and sublimation. How-
ever, it dries below that level due to strong subsidence.

The importance of the downdraft is also examined.
The downdraft can significantly reduce the total mass
flux at low levels. The precipitation rate in the downdraft
can be much higher than that of the updraft, though the
total contribution is still smaller than the updraft due to



2814 VOLUME 61J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S

FIG. 16. Vertical distribution of total mass flux (31010 kg) from both the updraft and downdraft
within 60 min with different radii of the updraft. The number indicates the radius in the unit of km.

a smaller coverage area when the tilting angle is small
(less than 408).

As the resolution of mesoscale numerical models in-
creases, the time dependency of the cloud properties,
which is generally ignored, may become important. This
study shows that the time variation of the mass flux and
entrainment–detrainment rate is quite significant. The
time dependence of a 1D cloud model in a cumulus
parameterization scheme in high-resolution mesoscale
models may need to be considered. The next natural
step is to further study these issues by implementing the
1D cloud into a mesoscale model. It is worth mentioning
again that the entrainment–detrainment rate is well de-
fined in the ETTM.

To further examine the ETTM, two additional sen-
sitivity tests were conducted, for the tilting angle and
the cloud radius. The life cycle, strength, and precipi-
tation amount are very sensitive to these two parameters.
At a fixed tilting angle of 208, the maximum strength
of the vertical velocity appears at 9000 m for the updraft
and 3200 m for the downdraft in this study. These crit-
ical values can be partially explained by the nonhydro-
static pressure perturbation. The pressure perturbation
weakens the maximum vertical velocity, and its influ-

ence becomes more pronounced with the increase of the
radius.

The magnitude and vertical profile of the total mass
flux are quite sensitive to the tilting angle and radius.
A double-peak feature is simulated when the tilting an-
gle is small (less than 408). The primary low-level peak
is dominated by the density, while the upper-level peak
is dominated by the vertical velocity. As the cloud radius
increases, the upper peak is enhanced by the vertical
velocity and a single-peak feature becomes dominant.
When the tilting angle is less than 208, differences in
the upper vertical profiles are negligible. However, dif-
ferences in the lower profiles in the downdraft are ob-
served. The cloud becomes shallower with a larger tilt-
ing angle or with a smaller cloud radius.

The results from this 1D model are quite reasonable
and promising, although some improvements are still
required. This is a preliminary study of this model with
one sounding. More tests with different soundings and
comparisons with 3D cloud model results as well as
with observations will be conducted to further examine
this model. The tilting angle and radius of the updraft–
downdraft can significantly influence the vertical dis-
tribution of mass flux, the total precipitation amount,
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and the strength and life cycle of a cloud. Therefore,
the determination of these values becomes very impor-
tant. The tilting angle, which is strongly correlated to
environmental wind shear, and the radius are predeter-
mined in this study. In the future they will be param-
eterized as large-scale variables using a 3D cloud re-
solving model. Eventually, this 1D model will be in-
cluded in a cumulus parameterization scheme and val-
idated with real data using a mesoscale model.
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APPENDIX A

Governing Equations in the Cartesian Coordinates

The following are the governing equations of this
cloud model in Cartesian coordinates.

Momentum equations:

]u ]u ]u ]u 1 ]pnh5 2u 2 y 2 w 2 , (A1)
]t ]x ]y ]z r ]x

]y ]r ]y ]y 1 ]pnh5 2u 2 y 2 w 2 , and (A2)
]t ]x ]y ]z r ]y

]w ]w ]w ]w 1 ]pnh5 2u 2 y 2 w 2
]t ]x ]y ]z r ]z

R pd nh2 g 2 gQ , (A3)T1 2C pp 0

where u, y, w, r, and 2gQT are velocities in the x, y,
and z directions, density, and the drag force due to the
weight of precipitation, respectively. The nonhydro-
static pressure (pnh) is the pressure deviated from the
hydrostatic pressure (p0).

Thermodynamic equation:

]u ]u ]u ]uei ei ei ei5 2u 2 y 2 w
]t ]x ]y ]z

1 d u
1 (L q 2 L q ) 1 micro(u ), (A4)y y f i ei1 2C dt Tp

where uei is called the equivalent ice potential temperature
(Chern 1994; Chen and Sun 2002) and is defined as

L q L qfy y iu 5 u 1 1 2 ,ei 1 2[ ]C T C Tp p

where Ly, L f , T, qy, and qi are the latent heat of va-
porization and fusion, temperature, and the mixing ratio
of water vapor and cloud ice, respectively.

Continuity equation:

]u ]y 1 ](rw)
1 1 5 0. (A5)

]x ]y r ]z

Continuity equations of water substances:

]q ]q ]q ]qx x x x5 2u 2 y 2 w 1 P andx]t ]x ]y ]z

(A6)

]q ]q ]q ]q 1 ](rV q )y y y y ty y
5 2u 2 y 2 w 1 1 P ,y]t ]x ]y ]z r ]z

(A7)

where qx is the mixing ratio of nonprecipitable water
(qw), cloud water (qc), or cloud ice, and qy is the mixing
ratio of rain (qr), snow (qs), or graupel (qg). Next, qw

5 qy 1 qc 1 qi, Vty is the terminal velocity of precip-
itation (rain, snow, or graupel); and Px and Py are mi-
crophysical production terms of qx and qy.

APPENDIX B

Governing Equations in the Axis-Symmetric
Tilting Cylindrical Coordinates

Applying the hypothesis that the cloud is horizontally
symmetric with respect to the tilting axis (]/]u 5 0)
within the cloud, the equations in the tilting cylindrical
coordinates are

]u 1 ](rUu ) 1 ](rWu )ei ei ei5 2 2
]t r ]r r ]z

1 d u
1 (L q 2 L q ) 1 micro(u ), (B1)y y f i ei1 2C dt Tp

1 ](rU ) 1 ](rW )
1 5 0, and (B2)

r ]r r ]Z

]q 1 ](rUq ) 1 ](rWq )x x x5 2 2 1 P . (B3)x]t r ]r r ]Z

In this model, the divergence equation rather than the
momentum equations is used, and it is expressed as

]D 1 ](rUD) 1 ](rWD) U ]U
25 2 2 2 D 1 2

]t r ]r r ]Z r ]r

]U ]W 1 ] r ]p 1 ]nh2 2 2 a cosu (rB)1 2]Z ]r r ]r r ]r r ]r

2cosu ] ]p cos u 1 ] ]pnh nh21 ab r 2 a r ,1 2 1 2[ ]rr ]r ]Z r r ]r ]r

(B4)

where D is the divergence field in the tilting coordinates
and its formula is

1 ](rU )
D 5 . (B5)

r ]r
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